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Abstract
The anomalous magnetic moment of the muon is one of the most precisely mea-
sured quantities in physics. Its experimental value exhibits a 3.7σ discrepancy,
δaµ = (268 ± 72) × 10
−11, with its theoretical value calculated in the standard
model framework, while they agree for the electron. The muon theoretical calcu-
lation involves a mass-dependent contribution expressed in terms of the electron
to muon mass ratio, which comes from two-loop vacuum polarization insertions
due to electron-positron pairs. In standard quantum mechanics, mass ratios and
inverse Compton length ratios are undistinguishable. This is no longer the case
in the special scale relativity framework. Using the renormalization group ap-
proach, we differentiate between the contributions depending on masses and those
depending on inverse Compton lengths. The resulting scale-relativistic correction,
δa
SR
µ = (185 ± 12)× 10
−11 solves the problem by reducing the gap between theory
and experiment to a mere 1σ difference.
The Dirac equation predicts a muon magnetic moment, Mµ = gµ(e/2mµ)S, with
gyromagnetic ratio gµ = 2. Quantum loop effects lead to a small calculable deviation,
parameterized by the anomalous magnetic moment (AMM) aµ = (gµ − 2)/2 [1].
That quantity can be accurately measured and precisely predicted within the frame-
work of the Standard Model (SM). Hence, comparison of experiment and theory tests the
SM at its quantum loop level.
While the theoretical and experimental values of the electron anomalous magnetic
moment agree within uncertainties [2, 3],
ae(th) = 0.00115965218178(77), ae(exp) = 0.00115965218091(26), (1)
on the contrary, the muon anomalous magnetic moment exhibits, since about 20 years
[1, 4, 5], a difference of (268± 72)× 10−11, statistically significant at the 3.7 σ level:
aµ(th) = 116591823(36)× 10
−11, aµ(exp) = 116592091(63)× 10
−11. (2)
This effect constitutes, along with the 6 σ significant proton radius puzzle [6, 7, 8], one of
the main discrepancies between the SM theoretical prediction and experiment. These two
effects are all the more puzzling that they are not found in the high energy realm of the
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present particle physics ≈ 10 TeV frontier, but instead at the atomic-nuclear scale ≈ 100
MeV which was up to now thought to be fully understood.
We have recently shown that the proton radius puzzle can be explained by accounting
for special scale relativity (SSR) corrections to the law of composition of length-scale ratios
[8]. We suggest here that the muon magnetic moment discrepancy can be also solved by
another aspect of the same theory, namely, the correction to the relation between mass
ratios and Compton length ratios.
Recall that the principle of relativity, which was up to now applied to origin, orienta-
tion and motion transformations of the coordinate systems, has been extended to apply
also to their scale transformations [9, 10, 11, 12]. The scale relativity theory is the general
framework built from this first principle [11, 12], including the construction of new scale
laws of log-Lorentzian form [10], a geometric foundation of quantum mechanics [13] and of
gauge fields [14] in terms of a nondifferentiable and continuous (therefore fractal) space-
time, and the suggestion of the possibility of a new macroscopic quantum-type mechanics
(based on a constant different from ~ and relevant to chaotic systems beyond their horizon
of predictability) [11, 15, 16, 17, 18, 19, 20].
Here we are concerned with only the log-Lorentzian scale laws aspect of the theory,
specifically, with the fact that inverse length scales and mass scales, which are identical
in standard QM, become different in SSR .
We have mathematically proved [10], [11, Chapt. 6], [12, Chapt. 4.4] that the general
solution to the special relativity problem (i.e., find the linear laws of transformations
which come under this principle) is, as well for motion as for scales, the Lorentz transfor-
mation. This proof is based on only two axioms, internality of the composition law and
reflexion invariance, which are both expressions of the only principle of relativity. We
know since Poincare´ and Einstein that the special motion relativity law of composition
of two velocities u and v writes w = (u+ v)/(1 + u v/c2). In the same way, the general
law of composition of length-scale ratios, r → r′ = ρ× r, writes in special scale relativity
theory W = (U+ V)/(1 + UV/C2), where U = ln(r/λ), V = ln ρ and W = ln(r′/λ). An-
other relevant result of special motion relativity is that the Galilean relation of equality
between velocity and momentum, p/mc = v/c, becomes
p
mc
=
v/c√
1− (v/c)2
. (3)
In the same way as velocity characterizes the state of motion of the reference system, we
consider in SSR that resolution length-scales characterize their state of scale [9, 10, 11, 12].
The difference is that motion transformations constitute an additive group, while scale
transformations are a multiplicative group. However, one can show [11, 12], using the
Gell-Mann-Levy method, that the natural variable for describing length-scales and their
transformations is the logarithm of a ratio of length intervals.
Consequently, the standard law which relates momentum and length-scales in quantum
mechanics, p = ~/λ, can be established from Noether’s theorem in the Galilean scale
relativity (GSR) framework, in the same way as one obtains p = mv in motion relativity
from uniformity of space. It may be also written as a direct equality ln(p/p0) = ln(λ0/λ)
with p0λ0 = ~, which becomes in SSR [10, 11]:
ln
p
p0
=
ln(λ0/λ)√
1− ln(λ0/λ)2/C2
. (4)
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The usual GSR law is recovered in the limit C → ∞. The meaning of this constant can
be clarified by expressing it also in terms of the reference scale λ0:
Cλ0 = ln
λ0
λP
. (5)
This introduces a minimal scale λP which is invariant under dilations and contractions,
unreachable and unpassable, whatever the scale λ0 which has been taken as reference.
Moreover, the momentum-energy now tends to infinity when the length-time scale tends
to this limit, which therefore plays the role of the zero scale interval of the standard
theory. This remarkable property has naturally led us [10] to identify it with the Planck
length-scale,
λP =
√
~G
c3
. (6)
Let us now analyse the current situation of the muon AMM in the light of the SSR
framework. The fact that there is no effect on the electron but only on the muon points
toward a manifestation of the mass-scale increase and length-scale decrease by a factor
≈ 200 between the electron and the muon, which is the only difference between these
two particles. A possible intervention of SSR corrections can therefore be expected, since
the ratio of their Compton lengths is slightly different from that of their masses in this
framework,
ln
λe
λµ
=
ln(mµ/me)√
1 + ln(mµ/me)2/C2e
, (7)
where λemec = ~ and Ce = ln(λe/λP) = ln(mP/me) = 51.527856(24) according to the
CODATA 2014 recommended values of fundamental constants [2]. Applied to the muon,
the length-scale ratio becomes ≈ 201 instead of the mass ratio ≈ 207.
ΜΜ
e
Figure 1: Feynman diagram for the leading mass-dependent term of the fourth-order radiative
correction to the scattering of a muon by an electromagnetic field, which plays a central role in
the SSR correction to the theoretical calculation of the muon AMM.
As a direct consequence, one is led to look for a possible SSR effect only among the
mass-dependent terms of the muon AMM calculation. There is no such contribution to
1-loop level, i.e. in Schwinger’s original α/2pi correction to the magnetic moment [4]. To
2-loop the main mass-dependent and electron-dependent term comes from the Feynman
diagram shown in Fig. 1, which corresponds to the insertion of a closed lepton loop
(electron-positron pair).
This vacuum polarization insertion was computed in the late 1950s [21, 22] from a
slight modification of the 1949 Karplus and Kroll [23] original calculation for the electron.
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It is given by the double integral:
a(4)µ =
(α
pi
)2 ∫ 1
0
du u2(1− u)
∫ 1
0
dv
v2(1− v2/3)
u2(1− v2) + 4x2(1− u)
, (8)
where x = me/mµ is the electron to muon mass ratio. Its exact expression was calculated
in 1966 [24] and written in compact form as [25]:
a(4)µ =
(α
pi
)2(
−
25
36
−
1
3
ln x+ x2(4 + 3 ln x) + x4
[
pi2
3
− 2 lnx ln
(
1
x
− x
)
− Li2
(
x2
)]
+
x
2
(
1− 5x2
) [pi2
2
− ln x ln
(
1− x
1 + x
)
− Li2(x) + Li2(−x)
])
.
(9)
The expansion of this expression in terms of ln x and x yields (keeping only the leading
terms):
a(4)µ =
(α
pi
)2(
−
25
36
−
1
3
ln x+
pi2
4
x+O(x2 ln x)
)
. (10)
In the SSR framework, this formula can no longer be correct. Indeed, the muon
Compton length-scale and mass scale, when they are referenced to the electron scale, are
no longer inverse quantities. One should therefore make the difference between x = me/mµ
and y = λµ/λe, which is given by Eq. (7).
An analysis of the way the above mass dependent contribution to the muon MMA is
obtained shows that it depends on both mass and Compton length. The original work of
Karplus and Kroll [23] starts from position space then ends the calculation in momen-
tum space through the standard assumption of Fourier transform between position and
momentum representations. This calculation relies on the previous work of Dyson [26],
who explicitly specifies that the mass term κ in Feynman’s SF (X) function (we use the
notation of [23], with X the position coordinate so as not to confuse it with x = me/mµ),
SF (X, κ) = −
2i
(2pi)4
∫
d4p e−i pX
i γ p− κ
p2 + κ2
, (11)
is given by the reciprocal Compton length, not the mass itself. On the other hand, we
also know that masses enter as such in the AMM calculation, for example through the
threshold 2me for pair creation.
However, the two contributions are not separated in the Karplus and Kroll [23] cal-
culation of the electron AMM, nor in the muon calculation of Suura-Wichmann [21] and
Peterman [22] derived from it. We therefore need to use another approach where the two
contributions are separated. The renormalization group approach provides us with such
a separation. It has been shown by Lautrup and de Raphael [27] that the equation for
the contribution to the muon AMM from electron vacuum polarization insertions takes
the form of a Callan-Symanzik equation
(
me
∂
∂me
+ β(α)
∂
∂α
)
aµ
(
me
mµ
, α
)
= R
(
me
mµ
)
, (12)
where the r.h.s. of this equation is found to be vanishing as x = me/mµ instead of the
naive expectation x2 from Eq. (8). In this expression, no difference is yet made between
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the mass ratio and inverse Compton length ratio. However, the leading logarithmic term
of Eqs. (9) and (10) is now provided by the l.h.s. of this equation [4], while the linear
term (and other smaller contributions) comes from its right hand side.
In the l.h.s. of Eq. (12), β(α) is the standard QED β-function, β(α) = 2α2/3pi to
one-loop. The meaning of this equation is that the origin of the leading logarithm term
−
1
3
ln x is just charge screening of the electromagnetic charge [4] and that it comes from
the mere running QED coupling at muon scale,
αµ = α
(
1 +
2α
3pi
ln
mµ
me
)
. (13)
This contribution is therefore generated by the electron-muon mass ratio x = me/mµ.
On the contrary, if one now considers the r.h.s. of Eq. (12), a detailed analysis by
Lautrup and de Raphael [27] shows that it find its origin in the SF (X) functions in which
the mass terms are actually the inverse Compton lengths [26]. Therefore the Callan-
Symanzik equation for the muon AMM can now be written (keeping only the leading
terms) (
x
∂
∂x
+ β(α)
∂
∂α
)
aµ(x, α) =
(α
2
)2
y. (14)
The solution to order α2 of this equation yields a correction δaSSRµ =
pi2
4
(y − x)
(
α
pi
)2
=
+185× 10−11 to the muon AMM, which can be approximated by
δaSSRµ = −
pi2
8
x ln3 x
C2e
(α
pi
)2
. (15)
The other 2-loop terms of Eq. (9) yield a small correction δaµ = −12 × 10
−11 while 3-
loop effects yield corrections less than 1 × 10−11, both smaller than current theoretical
uncertainties 36× 10−11. Other contributions from tau and hadron loops are possible but
are expected to be also small, <≈ 1/3 of current error bars.
We therefore estimate the scale-relativistic correction to δaµ = (185 ± 12) × 10
−11,
yielding a theoretically estimated muon AMM
aµ(th) = 116592008(37)× 10
−11. (16)
This new contribution reduces the difference between the experimental and theoretical
anomalous magnetic moment of the muon to a statistically unsignificant value (83±76)×
10−11, thus solving the muon AMM discrepancy.
We intend to perform in a future work a complete new theoretical calculation of the
muon AMM in the SSR framework, which involves taking into acount a generalized form
of Fourier transform [12, p. 540] compatible with the new status of the Planck length as
a minimal scale invariant under dilations.
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